In the equal-mass or unequal-mass Wick-Cutkosky model, two apparently different sets of solutions are known to be obtained by the stereographic-projection method. The equivalence between them is e~plicitly demonstrated by proving a remarkable integral formula for the Cutkosky function. Some instructive discussions are made on the normalization integral of the solution. § I. Introduction
The Wick-Cutkosky model provides the only non-trivial example of the BetheSalpeter equation exactly solvable for arbitrary energies. We have a lot of knowledge about this model; main results are summarized in the present author's review article. 1 
>
The Bethe-Salpeter equation of the Wick-Cutkosky model can be solved most elegantly by the stereographic-projection method, which was introduced into this model first by Cutkosky. 2 > A complete analysis based on the stereographic-projection method was made by Seto. 3 
The procedure of Cutkosky and Seto consists of the following five steps. First, the Wick rotation is made in order to bring the metric into the Euclidean one. Second, the Euclidean relative momentum p" is projected onto a five-dimensional sphere .I;~= 1g:}=r 2 • Third, finding a particular axis about which the transformed equation (the g: equation) is 0 ( 4) -symmetric, one maps the five-dimensional sphere onto another four-dimensional Euclidean space. The doubly transformed equation (the q equation) has essentially the same form as the Wick-rotated Bethe-Salpeter equation of the Wick-Cutkosky model for the vanishing total 4-momentum. Fourth, therefore, one solves it quite easily by using four-dimensional solid harmonics and a one-variable integral representation. Finally, if necessary, the solutions obtained are analytically continued back to the Minkowski value of the relative momentum p".
In the unequal-mass case, the above procedure has a logical defect. After the third step, the integral involved in the q equation is not the one over real variables because an imaginary-angle rotation is needed in the g: space; one must analytically continue the integral kernel to a real one by means of contour deformation. Unfortunately, justification of this contour deformation has never been given explicitly.
Delbourgo, Salam and Strathdee 4 > pointed out that one can directly solve the ~ equation without transforming it into the q equation. Indeed, in the equal-mass case, the ~ equation reduces to a one-dimensional eigenvalue equation with respect to the fourth coordinate ~4, which is equivalent to what is satisfied by the weight function g .n (z), called the Cutkosky function, of the integral representation. This approach was extended to the unequal-mass case by Golden. 5 > He showed that if one adopts a special definition of the relative energy p0, which is actually the same as the one used long before by Green 6 > in the bipolar-transformation method, one can avoid the unpleasant imaginary-angle rotation. Thus Golden rigorously The purpose of the present paper is to establish the equivalence between the Cutkosky-Seto approach and the Delbourgo-Salam-Strathdee-Golden one. This is achieved by proving a remarkable identity, which presents a relationship between the Cutkosky function g.n(z) and Golden's one ?l.n((). We also point out that Golden's solutions are more convenient for calculating the normalization integral for (m .. +mbY>s>(m .. -mbY· Indeed, by using them, we can verify the proposition7h*l that the norm of the Bethe-Salpeter amplitude is given by ( -1)" in this region of s.
In § 2, we review Golden's work, adding some remarks. In § 3, the main theorem is proved; it establishes the relationship between g.n(z) and ?l.n((). In § 4, the equivalence between Golden's solutions and the previously found ones is demonstrated explicitly. The normalization integral is discussed in § 5. § 2. Golden's solutions Hence we always assume (2·5) hereafter. The radius r>O of the five-dimensional sphere is defined by**'
Geometrically, r is the height of the triangle having oblique sides m .. and mb and a base ../s.
After projecting the p space onto the five-dimensional sphere having the radius r, we make a scale change to obtain a unit sphere. The combined transformation is defined by On setting
.,.z,. 
On substituting (2 ·19) for R (z, z') in (3 · 4), it is easy to carry out the integration over z. We find
Hence (3 ·1) is equivalent to A.,.
Since both sides of (3 · 6) satisfy the same boundary conditions at t;, = ± 1, we have only to show that both sides satisfy the same second-order ordinary differential equation. As is well known, (2 ·18) and (2 · 20) are converted into second-order ordinary differential equations *l We have used A&n in (2·18), anticipating the result of § 3. It is more logical not to write the subscript "until the equivalence between the eigenvalue problems (2·18) and (2·20) is established. **l The author is very grateful to Dr. K. Seta for his important help. 
respectively, where
D,.(z)=(1-z 2 ) (djdz)2+2(n-1)z(d/dz) -n(n-1). (3·9)
With the relation it is straightforward to show that
We introduce the adjoint operator of D,.(z):
From (3 ·11) and (3 ·13), we find
Since the right-hand side of (3 · 6) satisfies (3 · 7), our task is to show that the left-hand side of (3 · 6) satisfies the same differential equation. With the aid of (3·14) and (3·8), we have
.(z)+ PAC;)]g.,.(z)
=0.
Thus the identity (3 ·1) has been established. Before closing this section, we make some remarks on (3 ·1).
(1) The proportionality constant h.,. is determined as (3 ·1) shows that the eigenvalue problem of (2 ·18) is equivalent to that of (2 · 20), *> because the left-hand side of (3 ·1 2rp,
By means of the identity (3 ·1) together with (2 ·12), therefore, we have 
where It is quite interesting to note that if we consider a triangle Feynman graph G whose external masses squared are s1 = v, S:i = w and s3 = s and whose internal masses are m1C==m 2s) =m6, m2(=mB1) =m,. and ms(=mu) =0, we can rewrite (4·8) as
where L3 and R 3 are the functions which are encountered in the expression for the s3-channel normal absorptive part of the Feynman integral corresponding to Now, we compare (4·7) with the expression for ¢.nzm(P) explicitly given by the present author 9 > and by Seto. 8 > In the comparison, it should be remarked that they set r;a = r;b = 1/2 instead of (2 · 3), Hence. it is convenient to use the Wick-rotated form of (2 ·18) of Ref. 9), because it is written in terms of v and w apart from Q}zm(p). We then :lind that the solutions given by the above authors are completely equivalent to (4 · 7) with ( 4 · 8), as is expected. We have thus established that for s satisfying (2 · 5) the stereographic-projection method yields the completely same results as those obtained by the pure integral-representation method, 9 ' without using an uncomfortable imaginary-angle rotation. § 5. Normalization
Golden's solutions ( 4 ·1) are suitable for discussing the normalization integral in the region (2 · 5). First, we rewrite (3 · 7) into the Sturm-Liouville form:*>
We multiply (5·1) by ?J.,n(() and integrate the product from '= -1 to (= +1.
Then we :lind (5·2)
Hence we obtain the orthogonality condition (5·3)
For tc'=tc, m conformity with (3·19), we normalize ?J.n(O as
Now, the normalization integral of the Bethe-Salpeter amplitude is defined where ).;.,. stands for the first derivative of ).
• .,. with respect to s. Of course, in this determination of lc • .,.J, the difficult part of calculating the normalization integral has been transferred to the "normalization (5 · 4). Finally, we make a remark on the s~O limit of ( 4 ·1) in the equal-mass case. For ma = mb = 1, ( 4 ·1) with ( 4 · 2) tends to 4 > (5 ·11) where C."' denotes a Gegenbauer polynomial. Apart from a factor (p 2 + 1)-•-n-2, (5 ·11) is a five-dimensional solid harmonic of ord.er. IC + n -1, but it is different from the one usually adopted/ 0 '' 1 ' which is proportional to !/{.H,t,m (p) in the Wick-rotated form. Since (5 ·11) is the strict s~O limit of the s>O solution, we encounter no ambiguity in calculating the normalization constant a • .,., in contrast with the case of the usual solution proportional to !/{.H,t,m (p) . 10 ' From the explicit value of (5 ·10) at s = 0 with ma = mb = 1 10 " 1 ' and the well- 
